Differential geometry serves as an important tool in different branches of theoretical physics. Here we present a differential geometric treatment of curvature in the auxiliary space for the non-interacting and interacting systems and also the symmetry aspect of it. We present the necessary and sufficient conditions to characterize the topological nature of curve in the auxiliary space. We present the results both for the repulsive and attractive regimes of the parameter space. We try to picture the entire problem from the geometric means of curvature. We characterize the curvature in the auxiliary space, in terms of elliptical and cycloidal motion for the non-interacting and interacting system respectively. We also try to explain the topological aspects of physics in terms of Berry connection curves. To the best of our knowledge, this is the first application of differential geometry to the topological state of matter. This study gives a new perspective for the understanding topological state of a quantum system. arXiv:1810.07398v1 [cond-mat.other]
Introduction
Curves and angles are the effective way of expressing the geometric properties of a physical system. By this way we can define curvature, nature of wave function, periodicity and topological properties of the system [1] [2] [3] . It is more interesting to analyze the nature of these properties in the presence of some interaction. The geometrical studies of the condensed matter systems have been an interesting area of research which has rapidly picked up the pace when the principles of topology and geometry played its foundations in quantum condensed matter systems [4, 5] . Here in this paper, the topological behavior of the model Hamiltonian are studied from the perspective of auxiliary space, complex variable analysis and the curve theory of differential geometry.
Definition of curvature:
Curvature is a tool to measure how curved a curve is. In other words, curvature measures the extent to which a curve a deviates from a straight line. For a unit speed curve γ(t), where t is a parameter, curvature κ(t) at a point γ(t) is defined to be ||γ(t)|| [6] . The main motivation is to explain the many body system in a much efficient manner. A many body system is difficult to analyze by usual theoretical calculation. But by simulating the system to a normal geometric structure we can explain the phenomenons like phase transition, geometric phase, divergence in a much efficient manner. The topological configuration space of a system gives rise to the particular value of topological invariant quantity like winding number. The closed curves in the configuration space are the auxiliary space curves which also specifies the winding number of the system [7, 8] . Auxiliary space curves has a unique way of representing the topological quantum phase transition. When the system is in the topological state, the auxiliary space curve encircles the origin. When it is in the non-topological state, the origin lies outside the space curve. At the point of phase transition, the origin lies on the space curve at which case the topological invariant number cannot be defined [9] . We will realize in this study that it is necessary but not the sufficient one. Here the auxiliary space curve is use to study the topological phase transition of the system both in presence and absence of the interaction.
Berry's phase is the physical entity which characterizes the topological state of the quantum system [7] . Berry phase exists, where there is closed interval. But Berry connection is a more fundamental quantity which tells the path of evolution of ground state wave function.
Berry connection is equivalent to the vector potential in electromagnetic theory. In the same way Berry connection is also a curve, we would like to study the similarity and difference between the curves in the auxiliary space curves for the different Hamiltonians.
Differential geometry deals with the study of problems by means of differential calculus, integral calculus and linear algebraic techniques [10] [11] [12] . Differential geometry has a significance in general theory of relativity. The concept of manifold, curved space-time, gravity is explained much efficiently [13] [14] [15] . Here in this manuscript we tried to analyze the role of differential geometry in the topological state of matter. To the best knowledge this is the first study of differential geometry for the topological state of matter.
Understanding the topological state state of matter Topological insulators are the materials which conducts along the edge [16] and is an insulator at the bulk. The conduction along the edge is protected by two major symmetries [17] [18] [19] , time reversal and particle conservation symmetry. The first experimentally realized 3D topological insulator state with symmetry protected surface states was discovered in bismuth-antimony [20] . Topological Quantum Phase Transition points (TQPT) are not accompanied with the spontaneous symmetry breaking just like Quantum Phase Transitions(QPT)(local order parameter). Topological invariants for topological quantum states are protected by the non zero energy gaps, where the band gap closes at some particular points in the Brillouin Zone (BZ). Hence the phase transition is ill defined at this point.
To understand the phase transition phenomenon, we can study winding number, which tells how many times the Hamiltonian winds the TQPT point. Hence we can get the difference between the phases before and after TQPT point. The phase acquired during this evolution is the geometric phase. For the 1D it is Zak phase [21] [22] [23] [24] [25] . To study the effect of interactions on the topological invariant number and topological quantum phase transitions, we apply momentum dependent interaction to our model Hamiltonian [26] . When it is applied to topological states.
Aim of the study: To study the nature of auxiliary curves from the differential geometric curvature perspective and the Berry connection for better insight into the topological system. The interaction which we propose has a physical reliability that it preserve the Hermitian property of the Hamiltonians. Differential geometry is very wide and powerful mathematical branch which has a wide application in many branches of theoretical physics [13, [27] [28] [29] [30] [31] . Here Our study is two folded. First one is to study the behavior of auxiliary space for the interactive state of system. Second is to analyze upto what extent we can use differential geometry to study the topological properties of curves in auxiliary space of system. This paper is organized in following manner. First we introduce the model Hamiltonian and the present a detail analysis of auxiliary space curves. The characteristics and behavior of auxiliary space curves with and without interaction is presented here. In the second part we study Berry connection for the model Hamiltonian under different conditions. And we tried to analyze the behavior of Berry connection for topological and non-topological state of system. In the third part we give a detail analysis of differential geometric study of curvature to the auxiliary space curves.
I. Hamiltonians Under Consideration and Nature of Their Auxiliary Space
Auxiliary space or parametric space is the set of possible combination of values of parameters contained in the given system [9] . Here by plotting the parameters of the system with respect to each other we can get better understanding of the system [32] . Here in particular case our system of consideration is Kitaev Hamiltonian. By this parametric plots we can get the idea about closeness of the curve, phase transition condition, behavior of the system under interaction and other informations.
A. Basic Model Hamiltonian:
We consider the Kitaev's chain as our model Hamiltonian [26] ,
where t is the hopping matrix element, µ is the chemical potential and |∆| is the magnitude of the superconducting gap. We write the Hamiltonian in the momentum space as,
where ψ † (k)(ψ(k)) is the creation (annihilation) operator of the spin less fermion of momentum k.
We can write the Hamiltonian in the BdG format as
We can express the Hamiltonian by Anderson Pseudo spin approach [8, 32, 33] . One can write the BdG Hamiltonian in the pseudo spin basis.
Where τ 's are the Pauli spin matrices which act in the Nambu basis of H BdG .
Here the set of parametric equations are,
H BdG in the pseudo spin basis is,
The energy dispersion relation,
The defined model Hamiltonian is the non-interacting Hamiltonian. Now we consider the Hamiltonian in presence of interactions. We consider a very specific type of interaction for the complete theoretical interest. The results of this study may trigger quantum simulation scientist to find this type of interaction and nature of their results.
We observe that Kitaev Hamiltonian in pseudo spin basis consists of two components. In the present study we consider the interaction only on each components separately (H (1) and H (2) ) and also for the presence of interaction in both components for the Hamiltonian H (3) .
B. Effect of interaction on the topological state of system:
When an interaction term is added to the system, the resultant Hamiltonian can be written as, H = H 0 + H I , where H 0 is the model Hamiltonian and H I is the interaction term.
Here interaction term is momentum dependent, which takes the value H I = αk, where α is the strength of the interaction. By introducing such interaction term to the components of the Hamiltonian, we can investigate the behavior of the system which reveals much information about the system. The effect of interaction has a greater significance in the quantum simulation and this is the test bed for understand the many-body system [34] . 1) Kitaev model Hamiltonian in presence of the interaction, αk, which is added to the σ x component of the Hamiltonian is written in terms of Pauli basis as,
Presenting the Hamiltonian in matrix from as,
Here the set of possible parametric equations are,
The energy dispersion relation can be written as,
2) Kitaev model Hamiltonian in presence of the interaction αk which is added to the σ y component can be written in terms of Pauli basis as,
Writing the Hamiltonian in the matrix form,
3) The model Hamiltonian in presence of the interaction terms α 1 k and α 2 k which are added to both the σ x and σ y components of the Hamiltonian, can be written in terms of Pauli basis as,
The Hamiltonian H (3) (k) written in the matrix form as,
C. A study of Hermiticity of the Hamiltonians.
Here we check the Hermiticity condition H † = (H * ) T for our Hamiltonians.
For the First case,
For the second case,
We observe that all the model Hamiltonians obey the condition for Hermiticity. The addition of the interaction term does not affect the Hermitian property of the system. Basically the Kitaev Hamiltonian is in the spin less fermion basis. The interaction added is momentum dependent and is also a spinless fermion term. Therefore we justify the physical relevance of the interaction.
(1). Hamiltonian H(k)
In the fig. 1 the auxiliary space curves for the Kitaev Hamiltonian is presented using the parametric equations of the Hamiltonian. This gives the simple closed Jordan curve [35] .
FIG. 1. Parametric plot for the Hamiltonian
In the fig.2 , the auxiliary space curve for the Hamiltonian H (1) (k) is presented. The auxiliary space curves shows an interesting behavior where, if the interaction is absent, the curve remains closed resembling the Kitaev chain's auxiliary space curves. When the interaction is present, the auxiliary space curve no longer closed.
The auxiliary space curves resembles the cycloidal pattern since the mathematical structure of the equations of cycloid and the Hamiltonian H (1) (k) are the same. The general expression of the cycloid is given by [12] ,
The Hamiltonian H (1) (k) has a mathematical structure of cycloid (Please see eq.6 and eq.19). In general the cycloid is classified into two categories depending on the values of coefficients. Suppose in eq.19,if a < b, then the cycloid is prolate and if a > b, it is curate.
From this classification, we can assign our Hamiltonian H (1) (k), as prolate since the prolate cycloid is self-interacting. and also it satisfies the condition a < b. An interesting feature which can be observed is that, the right column is a mirror symmetric to the left column, which is due to the change in the sign of the value of α.
FIG. 2. Parametric plot for the Hamiltonian
The auxiliary space curve of the Hamiltonian H (2) (k) is presented in the fig. 3 . The curve starts to align on X-axis for small values of α 1 and aligns on the Y-axis for the small values of α 2 . The shape of the auxiliary curve depends on the strength of the α 1 and
D. An analysis from the perspective of complex variable
For a complex number z(t) = x(t)+iy(t) where a ≤ t ≤ b, if x(t) and y(t) are the continuous function of t, then the curve z(t) is said to be continuous. If x(t) and y(t) are differentiable, then z(t) is differentiable. If two curves z(t 1 ) = z(t 2 ), then it is a simple curve. If simple not closed type [35] . We now observe that the curve in the auxiliary space belongs to the simple closed curve and the open curve. Therefore we conclude that the curves for the non-interacting Kitaev chain is the simple closed curve and the curves for the interacting Kitaev chain are the not simple not closed curves.
For the Kitaev Hamiltonian, when the interaction term is added, the periodicity of the Brillouin zone breaks. In the presence of interaction, the elliptic auxiliary space curve is no longer closed but instead it forms a cycloidal pattern [12] . So with the addition of interaction term, the closed curve condition is deformed into open curve condition. The cycloidal structure in the fig. 2 , the left column curves are mirror symmetric to the right column, where in the right column the curves are plotted for negative values of α. In the presence of interaction, the σ y component of the Hamiltonian, the orientation of the helical spring structure is along k-axis. When the sign of the interaction term α changes from positive to negative, the rotation of the helical spring changes from clockwise to anticlockwise. When interaction term is added to both the σ x and σ y components of the Hamiltonian, the orientation of the helical spring structure is tilted and its angle with X/Y axis depends on the strength of the interaction terms.i.e., α 1 and α 2 4.
II. Study of Berry connection for the model Hamiltonian
For a quantum mechanical eigenstate |n(λ) in a adiabatic process, which is evolving as a function of parameter k, like |n(λ(k)) , where n(λ) is the non-degenerate eigenstate. During this process, apart from the dynamical phase, the wave function acquires an additional geometric phase. This depends on the path evolved during the process [36] [37] [38] [39] . Berry connection defined as (A (n) µ ) ab = n, b|∂ µ |n, a . Under the gauge transformation Berry connection gives the relation as
By using Stokes theorem, one can connect the Berry phase and Berry connection. By using the analytical relation, γ n = c A n (R).dR over the closed contour C. The resulting Berry phase will be 2π or integral multiples of 2π. If the contour is not closed, Berry phase won't exists, because gauge dependency is not present. The the concept of Berry phase arises naturally from Berry connection [41] [42] [43] . Berry Connection is also a curve in the parametric space that gets modified and shows its behavior for different Hamiltonians. In otherwords,
Berry connection tells about the rate of change of wavefunction in the parameter space.
If the wavefunction is not varying with respect to parameter, then the Berry connection vanishes [44] . When we study auxiliary space curves, we observe that the closed curve is If the system is loosing topological properties means, the periodicity and symmetry of the system will be violated as shown in the following study.
When the interaction is added to the model Hamiltonians,
the Berry connection changes remarkably. When interaction added, the periodicity of the k-space gets broken and the auxiliary space curve shows the cycloidal motion instead of closed curve. Here the Berry connection gives the idea of evolution of wave function in the periodic and non-periodic k-space and the behavior of the wave function in the neighboring lattice sites. Based on the strength of α, we can study Berry connection with varying k.
For the Hamiltonian H (1) (k), the interaction term is added to the σ x component of the Hamiltonian. The study of Berry connection with k is shown in fig. 7 . Here the changing the of sign of interaction term, we can observe the mirror symmetry in the curves. As the interaction is added to σ x , the σ y does not shows any variation. But when the interaction is added to the σ y component fig. 8,9 ,10, we can observe, the breaking of mirror symmetry when the sign of interaction term is changed. The symmetry and periodicity of the k-space breaks in different manner and the behavior of the wave function is different at neighboring lattice sites. Hence the study of Berry connection with k gives better understanding of the system. 7. We observe a similarity with the Berry connection curve with the auxiliary space curve that both of the curve touches the origin at k = 0, one is simple closed Jordan curve and another one is non-simple non-closed. The system always remains in the non-topological state for the Hamiltonian H (1) (k).
B. Study of Berry connection for Hamiltonian H (2) (k)
Here we consider the H (2) (k) model Hamiltonian. When the interaction term αk is added to the σ y component of the Hamiltonian. The resulting Berry connection is presented in fig. 8. For the fig. 8 which represents the variation of Berry connection with respect to k for the Hamiltonian H (2) (k), here we can find the symmetry with k. But there is no symmetry between the plots for the positive and negative values of α. From this study we can understand that the presence of symmetry about the axis is necessary for the topological states, but not the sufficient.
C. Study of Berry connection for Hamiltonian H (3) (k)
Here we consider the Hamiltonian H (3) (k). In this case the interaction term αk is added to both σ x and σ y components of the Hamiltonian. The Berry connection study for this case is given in fig. 9 ,10. In fig. 9 , the left panel shows the Berry connection for the repulsive potential. Right panel shows the Berry connection for the attractive potential. In both the cases there is no symmetry behavior of the curves either with k or with the negative value of α. The cycloidal motion loses its periodicity. By the addition of interaction to the Kitaev Hamiltonian, the Berry connection looses its periodicity and becomes piecewise continuous. Berry phase is absent for these conditions.
Hence we can show how Brillouin zone looses periodicity through the study of Berry connection.
In all cases of Berry connection we can study how the addition of interaction is affecting the periodicity of the auxiliary space. But Berry connection won't give any idea about the phase The only similarity is that at the transition point Berry connection touches the origin of the k-space. Similarly arguments can be put forth for the Hamiltonian H (2) (k) and
since also the auxiliary space curves for these Hamiltonians are not closed. Hamiltonians
does not exhibit the topological state except Kitaev chain.
III. A differential geometric analysis of curves in auxiliary space
Now we discuss very briefly the basic aspects of curvature that have different geometry for the completeness of this study. One of our main motivation of this study is to find the topological state of system in terms of differential geometry at all possible or in otherwords what are the curvature properties of the auxiliary space curves. Curvature can be defined as the rate of variation of the angle that the tangent line is making at a particular point. To call a curve as a regular curve, it should have a non vanishing tangent line. Curve theory basically deals with analyzing the basic properties of the curves. Basic properties include, the arc length, winding number with curvature and torsion of the curves. Topological invariant quantities, like winding number, Chern number depend on the topology of the auxiliary space, where for a particular topological configuration space, winding number acquires a definite value, and change in the winding number leads to the different topological configuration of the system.
The understanding of the curve concept is simplified by using the differential geometry tool called curvature κ. The relation which relates the parameterized curve c(t) and the curvature κ(t) is given by [35] ,
For a unit speed curve γ : I −→ R 2 where I = [a, b] a closed curve interval. Then γ (t)
gives the velocity vector defined by (cos θ(t), sin θ(t)) T of an integer multiple of 2π, as the curve is defined in a closed interval. As the angle changes with curve, the invariant quantity winding number is defined by θ(b) − θ(a). If θ 1 , θ 2 : I −→ R satisfies the velocity equation.
It results as θ 1 = θ 2 + 2kπ, where k ∈ Z.
The velocity term γ ([a, b]) ⊂ S R , i.e., γ (t) > 0 for all t ∈ I and γ (t) = (γ 1 , γ 2 ) T ,
= tan θ(t). And θ(t) = arctan(
be a unit speed vector of a curve with period L and θ : R ←− R be scalar and winding number is given by,
where (θ(L) − θ(0)) is well defined irrespective of the choice if θ. Therefore it is clear from the above equation that to get a complete physical picture of winding number, the study of curve is useful.
A. An analytical approach to find the closed curve condition in auxiliary space
We have,
We plot the parametric plot (x(k), y(k)),
so that, in the auxiliary plane,
point, i.e,
putting these two conditions in the expression of r 2 (k) and θ(k),
and,
Thus the conditions for the curve to be closed, eq. 26 and eq. 27 can be simultaneously satisfied if α 1 = α 2 = 0. For this condition, the curve become close and the system is in the topological state. We prove here the necessary and sufficient condition for the topological state of matter, that the origin of the auxiliary space is not only covered by the curve but also the curve should be closed. We have already bean studied in fig 1,2 and 3 , the curves in the auxiliary space encircles the origin but the curve itself is not closed and finally as a consequence of it, the system is in the non-topological state.
B. An analysis of auxiliary space curves from perspective of Cauchy-Riemann
Integral
The winding number of a closed curve C about a point z j in the complex plane is given as [35] ,
We also have the theorem that if f (z) is a mesomorphic function define inside and on a simple closed contour C, with no zeros or poles on C, then, The value w(z j ) defined as
is called the winding number of the curve C around point z j . Here, ∆θ j is the change in the argument of (z − z j ), where z traverses through the curve C and the point z j . The value w(z j ) represents the number times that C winds around z j . In presence of interaction, the curve is not closed, in one sense ∆θ j is not 2π or integral multiple of 2π. Therefore the concept of winding number, open and self intersecting curve is not valid here.
C. A study of differential geometry from the perspective of curvature theory for the auxiliary space curve
Ellipse is generally defined as locus of points such that sum of distances from the foci is constant. The standard equation of ellipse is given by, where 0 ≤ t < 2π. The curvature expression of ellipse is [11] ,
The two parameters a and b in the curvature expression of ellipse are namely semi-major axis and semi-minor axis. From these two parameters we can analyze the curvature in three cases.
First case: When a < b, the curvature is maximum on the semi-major axis ( − ) and it is minimum on the semi-minor axis.
Second case: When a = b, the auxiliary space curve is a circle with the constant curvature.
Third case: When a > b, the curvature is minimum on the semi-major axis (− ) and it is maximum on the semi-minor axis [12] .
An analysis of Cycloidal Properties of auxiliary space curves for interacting system
The general expression of a cycloid is given by [12] ,
Depending on the location of the locus point on the circle the cycloid motion is devised into Curvature expression of Cycloid is,
The addition of interaction term alters the pattern of the cycloidal motion.
(
1). Kitaev model
Here we present the results of study of differential geometry based on curve theory for the non-interacting and interacting Hamiltonians. The matrix form of the Kitaev model
Hamiltonian is,
Considering the parametric equation of the Hamiltonian H(k) in the matrix form,
Curvature is given by, For the topological state, the curvature is smooth and touches the k = 0 point on the k-axis.
For the transition state, there is no curvature and the plot is parallel to the k-axis. For the non-topological state, the curvature does not touches the k = 0 and forms a gaped state.
Auxiliary space curve and curvature of Kitaev chain:
The parameterized equations of the Kitaev Hamiltonian are, (−2t cos k − µ, 2∆ sin k) and the analytic expression of curvature for the Kitaev chain gives the mathematical structure of the eq. 35, we conclude that the curvature plot of the standard ellipse and the curvature of the Kitaev chain are same.
For the value µ = 0, the system remains in the topological state. We can study the curvature of auxiliary space curve for all Hamiltonians. We can not characterize the topological and non-topological states of the Hamiltonian from the curvature study. The reason for this is, the curvature expression does not include the term µ. From the above general discussion on the ellipse we can characterize the auxiliary space curve of the Kitaev chain into similar three cases. This is completely a theoretical exercise to show the nature of auxiliary space column from the perspective of differential geometry.
First case: When t < ∆, the curvature is maximum on the semi-major axis ( − and it is minimum on the semi-minor axis.
Second case: When t = ∆, the auxiliary space curve is a circle with the constant curvature.
Third case: When t > ∆, the curvature is minimum on the semi-major axis (− π 2 and π 2
) and it is maximum on the semi-minor axis.
D. Results and discussions of curvature in the auxiliary space for the interacting Hamiltonians:
(2). Results of differential geometry studies for the Hamiltonian
The matrix form of the Hamiltonian H (1) (k) can be written as,
The Curvature of the Hamiltonian H 1 (k) is given by, For the H (1) (k) Hamiltonian, the auxiliary space curve forms cycloidal motion. The corresponding curvature plots a deviation from topological states of system, these plots resembles the non-topological curvature patterns.
The auxiliary space curves is a cycloid in the presence of interaction since the Hamiltonian H (1) (k) acquire mathematical structure of cycloid equation. We notice that the presence of interaction changes the properties of differential geometry which we study the curvature properties in the auxiliary space. Based on the strength of the interaction term, the auxiliary space curve behaves as simple curve with non closed, self intersecting conditions. When the interaction term changes its sign, the auxiliary space curves as well as curvature plots forms mirror symmetric image.
(3). Results of differential geometry studies for the Hamiltonian H (2) (k)
Hamiltonian H (2) (k) can be written in the matrix form as,
Curvature is given by,
Eq. 39 is the analytical expression of the curvature for the Hamiltonian H (2) (k). 
From the curvature studies for this auxiliary space curve of Hamiltonian H (2) (k), it reveals the following: The curvature at the points (−π and π) on the semi-major axis is maximum and the curvature on the semi-minor axis is minimum.When the interaction term changes its sign, the auxiliary space curves as well as curvature plots forms mirror symmetric image. 
Eq.42 is an analytic expression of the curvature for the Hamiltonian H (3) (k). For the negative α, variation of curvature with k is not mirror symmetric as like positive one.
The point to be noted that the shape of the curve becomes reverse. There is no divergence in the auxiliary space curves but the curvature shows the divergence behavior.
For H (3) (k) Hamiltonian, auxiliary space curves forms cycloidal pattern but in a very arbitrary way. We can not find any particular orientation. The corresponding curvature shows the non-topological state. Based on the strength of α 1 and α 2 there arises divergence characters at the BZ boundary values. The nature of curves, nature of Berry connection and the auxiliary space in presence of interaction have discussed. We have derived the necessary and sufficient conditions for the topological characterization of the system through the study of the auxiliary space. We have also studied the Berry connection explicitly and its consequences in topological and non-topological states.
